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ULRICH MODULES OVER CYCLIC QUOTIENT SURFACE 

SINGULARITIES 

YUSUKE NAKAJIMA AND KEN-ICHI YOSHIDA 


Abstract. In this paper, we characterize Ulrich modules over cyclic quotient surface singular¬ 
ities using the notion of special Cohen-Macaulay modules. We also investigate the number of 
indecomposable Ulrich modules for a given cyclic quotient surface singularity, and show that the 
number of exceptional curves in the minimal resolution determines a boundary on the number 
of indecomposable Ulrich modules. 


1. Introduction 

Let (A, m, k) be a Cohen-Macaulay (= CM) local ring, with dim A = d. For a finitely 
generated A-module M, we say that M is a maximal Cohen-Macaulay (= MCM) A-module if 
depth r M = d. For each MCM A-module M, we have that /xr{M) < e m (M), where Hr(M) 
denotes the number of minimal generators (i.e., /jlr{M) = dim ^M/xnM), and e m (M) is the 
multiplicity of M with respect to m. Note that if R is a domain, then we have that e m (M) = 
(rank R M)e m (R). 

An Ulrich module is defined as a module that has the maximum number of generators with 
respect to the above inequality. We sometimes call this a maximally generated maximal Cohen- 
Macaulay module, in line with the original terminology [UlrllBHUlj . The name “Ulrich modules” 
was introduced in [ HK J. We remark that the conditions below are inherited by direct summands 
and direct sums, and hence Ulrich modules are closed under direct summands and direct sums. 

Definition 1.1 ( [Ulr , BHUj h Let M be an MCM fit-module. We say that M is an Ulrich 
module if it satisfies hr{M) = e m (M). 

Several properties of these modules have been investigated in the aforementioned references. 
In a more geometric setting, they have been studied as Ulrich bundles, for example in |ESWi 
ICHlI fCH2l ICKMj . Recently, this notion was generalized for each non-parameter m-primary 
ideal I in [COTWYl] , and this notion has been actively studied (cf. [GOTWY21IGOTWY3] ). 
Namely, we say that an MCM A-module M is an Ulrich module “with respect to /” if it satisfies 
the following conditions: 

(1) ej(Af) = £ r (M/IM ), (2) M/IM is an A//-free module, 

where e/(M) is the multiplicity of M with respect to /, and £r(M/IM) denotes the length of 
M/IM. Thus, an Ulrich module with respect to m is nothing else but an Ulrich module in the 
sense of Definition 11.11 (The condition (2) is automatically satisfied if I = m.) In addition, 
Ulrich modules have appeared in an attempt to formulate the notion of “almost Gorenstein 
rings” [THT] . Thus, it has become more important to understand these modules. However, 
even the existence of an Ulrich module for a given CM local ring is still not known in general. 
Another important problem is to characterize (and classify) Ulrich modules when a given ring R 
admits an Ulrich module. For example, we know the existence of such a module for the following 
cases: 

• A two dimensional domain with an infinite field (BHIJj . 

• A CM local ring that has maximal embedding dimension jBHUj . 

• A strict complete intersection ffTTTBl . 
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• A Veronese subring of a polynomial ring over a field of characteristic 0 |ESW| . 

The characterization problem has also not been solved in many cases. Therefore, in this paper 
we will characterize Ulrich modules (with respect to m) over cyclic quotient surface singularities. 
We remark that this singularity is of finite CM representation type (i.e., it has only finitely many 
non-isomorphic indecomposable MCM modules). Since the number of indecomposable Ulrich 
modules is finite, we will also consider the number of them. The key point is to consider special 
CM modules (see Definition im This is another class of MCM modules, and is closely related 
with the minimal resolution of a quotient surface singularity (see Theorem im Typically, the 
number of minimal generators of a special CM module is small. Thus, special CM modules 
opposed to Ulrich modules in this sense, but these provide us with a simple description of Ulrich 
modules as follows. (For further details regarding terminologies, see later sections.) 


Let R be the invariant subring of k[[x,z/]] under the action of a cyclic group —(l,a). Then 


AR := 




x y- 


i + ja = t (mod n)j is an MCM 7?-module for t = 0,1, • • • , n — 1, and these cover 

all the indecomposable MCM modules. Suppose that M n , • • • , Mj r are non-free indecomposable 
special CM R-modules (zi > • • • > i r ). We call the subscripts (zi, • • • ,i r ) the z-series. Then, we 
define integers (dpt, • • • , d T) t) for each subscript t £ [0, n — 1] as follows: 


t — dijii + hij, hij £ Z> 0 , 

hu,t — T A«+i,t £ o, 

hr,t — 0 . 


0 < h 1}t < i\, 

0 < h u+ i >t < i u+ i, {u = 1, • • • ,r - 1), 


Then, we can describe t as t = d\ )t i\ + d- 2 ,t *2 + • • • + d r ji r , and obtain the following. 


Theorem 1.2 (= Theorem 13.21 and Corollary 13.31) . AR is an Ulrich R-module if and only if 
d\ t t + d 2 ,t + • • • + d r ,t = e(R) — 1 where e(R) is the multiplicity of R with respect to the maximal 
ideal. 


We can prove this theorem by combining the Riemann-Roch formula [Katj with the special 
McKay correspondence jWunll IWun2j . and hence this is a reinterpretation of Wunram’s results 
from the viewpoint of Ulrich modules. In addition to a proof of this form, we will provide 
another one based on Auslander-Reiten theory. By using this theorem, we can check which 
MCM R-modules are Ulrich. However, it is sometimes challenging to compute (d\ t t, • • • , d r< t) for 
all i = 0,1,--- , n — 1. Thus, we provide a sharper characterization of Ulrich modules in terms 
of the z-series as follows. The crucial point is to consider good sequences of the z-series. 

Theorem 1.3 (= Theorem 13.61 and 13.711 ■ Take any sequences of the i-series Zfc(i) > ik( 2 ) > ■■■ > 

b 

ik(2b) vnth 4(2c-i) e I n -1 (see for all c = 1, • • • ,b. If t = n - 1 - ^ (4( 2c -i) - 4(2c)) 

C= 1 

or t = n — 1, then AR is an Ulrich module. 

Conversely, if AR is an Ulrich module (t ^ n — 1), then there exists a sequence of the i-series 
^fc(i) R-( 2 ) ^ 111 ^ ik( 2 b ) with ik( 2 c—i) ^ In —i for all c 1, • ,6 and 

b 

I ^ f ^ ^ (fk(2c— 1) *fc(2c)) ■ 

e=l 

As a corollary, we obtain the following. 

Corollary 1.4 (= Corollary 13.1111 . We suppose that AR is an Ulrich module. Then, we have 
that n — a <t < n — 1. Furthermore, M n _\ and M n _ a are certainly Ulrich modules. 

In particular, this result gives us an upper bound on the number of Ulrich modules. Namely, 
this number is less than or equal to a. Furthermore, we can obtain additional bounds from 
further geometric information. 

Theorem 1.5 (= Theorem 14.51) . Suppose that R is a cyclic quotient surface singularity, whose 
number of irreducible exceptional curves (= that of non-free indecomposable special CM modules ) 
is r. Then, the number of Ulrich modules N satisfies r < N < 2 r_1 . 
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The remainder of this paper is organized as follows. First, we introduce the notion of spe¬ 
cial CM modules in Section [21 In addition, we introduce the Auslander-Reiten quiver. This 
oriented graph visualizes the relations between MCM modules, and plays an important role in 
characterizing Ulrich modules. For cyclic cases, special CM modules are characterized using 
purely combinatorial data. Using such data, we describe characterizations of Ulrich modules 
over cyclic quotient surface singularities in Section [3j In Section 01 we consider related topics. 
In particular, we investigate the number of indecomposable Ulrich modules. 

Notations. Throughout this paper, we assume that k is an algebraically closed field. Since our 
focus is on Ulrich modules (with respect to m), we employ the notation e(M) := e m (M), for 
simplicity. We denote the R-dual (resp. the canonical dual) functor by (—)* := Hoihr(- ,17) 
(resp. (—:= Homfl(-,wjj)). Furthermore, we denote the first syzygy functor by fl(—). We 
denote the category of MCM modules by CM(17), and the full subcategory consisting of direct 
summands of finite direct sums of copies of M by add r(M). 


2. Preliminaries 


In this section, we review some known results concerning cyclic quotient surface singularities. 
Thus, we suppose that G is a cyclic group: 


G := (a 



where Cn is a primitive n-th root of unity with 1 < a < n — 1 , and gcd(a,n) = 1 . We assume 
that n is invertible in k. We denote the cyclic group G by ^(1, a). Let S := k[[x, y]] be a power 
series ring. We denote the invariant subring of S under the action of G by R := S G . Since G is 
an abelian group, every irreducible representation of G is one dimensional, and can be described 
as 

Vt : cr i-a (t = 0, l,-- - ,n- 1). 

We define 


M t := (5 V t ) G 



i + ja = t 


(mod n) 


(t = 0,1, - - - ,n - 1). 


Then, each Mf is an MCM /7-module, and M s ^ Mf if s ^ t. It is well known that R is of finite 
CM representation type, and the modules Mf define all indecomposable MCM modules over R , 
and rankfl Mf = 1. 


2.1. Special Cohen-Macaulay modules. Next, we introduce the notion of special CM mod¬ 
ules. As we will see in Theorem El every non-free special CM module is minimally two¬ 
generated. Thus, special CM modules represent the opposite case to Ulrich modules concerning 
the number of minimal generators. However, they will play a crucial role when we characterize 
Ulrich modules. Here, we recall the definition of special CM modules. 

Definition 2.1 ( [Wun2j ). For an MCM /7-module M, we say that M is special if (M<S>rojr) / tor 
is also an MCM /7-module. 

We will see in Theorem 12.51 that there is a one-to-one correspondence between non-free inde¬ 
composable special CM 17,-modules and irreducible exceptional curves in the minimal resolution 
of Spec!?. Moreover, this constitutes a generalization of the classical McKay correspondence, 
because every MCM module is special if R is Gorenstein (i.e., G C SL(2,k) [Watj ). Further¬ 
more, there exists a further characterization of special CM modules, as we shall see in Proposi¬ 
tion E2 For further details regarding special CM modules, we refer the reader to the references 
[Wiinl 1 IWirn2l ITshl ITtol ITW1 [Rie] , 

Proposition 2.2. ( [IW1 2.7 and 3.6]) Suppose that M is an MCM R-module. Then, M is a 
special CM module if and only if it satisfies (f IM)* = M. 
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For a cyclic group G = ^(1, a), we can determine special CM modules by using the following 
combinatorial data. For the first step, we consider the Hirzebruch-Jung continued fraction 
expansion of n/a: 

Tl 1 

— = Oti --- := [« 1 , «2, • • • ,«r]- 

a 1 

ot 2-— 

CX.j' 

Then, we define the notion of the i-series and j-series (see [Weml IWunlj ). 

Definition 2.3. For n/a = [a\, a. 2 , ■ ■ ■ , a r ], the i-series and j-series are defined as follows: 

?'o — n >j fl — O”! it — lit —l it —2 (1 — 2, ■ , r + 1), 

Jo = 0, ji = 1, j t = at-ijt-i - jt-2 (* = 2, ■ ■ ■ ,r + l). 

By using the i-series and j-series, we can characterize special CM A-modules. 

Theorem 2.4 QWnnlj h For a cyclic group G = ^(l,a) with n/a = [ 01 , 0 : 2 , ■ • • , a r \, Mi t (t = 
1, • • • , r) and R are precisely special CM modules over R. Furthermore, the minimal generators 
of Mj t are x H and y^, for t = 1, • • • , r. 

As we mentioned above, special CM modules are compatible with the geometrical structures. 
Thus, we introduce some terminologies on the geometric side, and discuss a relationship between 
special CM modules and geometrical objects. 

Let 7T : X —> Spec R be the minimal resolution of singularities, and E := 7r _1 (m) be the 
exceptional divisor. We decompose E = (Jt=i into irreducible components, and define a 
cycle Z = £[=, a>i t E lt with a% t £ Z. For cycles Z, Z’, we denote the intersection number of 
Z and Z’ by Z • Z'. If Z = Z ', then the self-intersection number of Z is denoted by Z 2 . We 

say that a cycle Z is positive if ai t > 0 for all it, and say that a positive cycle Z is anti-nef if 

Z ■ Ei t < 0 for all it- We define the fundamental cycle Zq as the unique smallest element in the 
set of anti-nef cycles. An algorithm exists to determine Zq (see |Lau| ). and the fundamental 
cycle is Zq = Ylt=l n ' n our situation. 

The following is a famous result known as the special McKay correspondence. 

Theorem 2.5 ( [Wun2j 1. For any it, there exists a unique indecomposable MCM R-module Mi t 
(up to isomorphism ) such that H 1 (Mj t ) = 0 and C\ (M, lt ) ■ Ei s = S s t for 1 < s,t < r, where 
Mi t = 7T*(Mj t )/ tor, ci(Mj t ) denotes the first Chern class of Mi t , and (—) v = H)mo x {~^x)- 
These MCM modules Mq, • • • , Mt r are precisely indecomposable non-free special CM modules, 
and rank# M,; t = ci (Af#) • Zq . 

By this theorem, there exists a one-to-one correspondence between non-free indecomposable 
special CM modules and irreducible exceptional curves. The dual graph of the minimal resolution 
of singularity X —> Spec (R) can also be obtained by the Hirzebruch-Jung continued fraction 
expansion: 



where each circled number represents the self-intersection number of the corresponding excep¬ 
tional curve. 

When we consider Ulrich modules, the multiplicity e(M) = (rank# M)e(R) is important. It 
is known that the multiplicity e(R) can be computed via the self-intersection number of the 
fundamental cycle Zq [ Art] . That is, we have that e(R) = — Zq = a\ + ■ ■ ■ + a r — 2(r — 1). 

Example 2.6. Let G = yj(l, 7) be a cyclic group of order 12. The Hirzebruch-Jung continued 
fraction expansion of 12/7 is 

12 1 

T = 2 -4Vyir [2 ' 4 - 21 ' 
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The f-series and the ©series are given by 

i 0 = 12, i\ = 7, i 2 = 2, i 3 = 1, i 4 = 0, 

jo = 0, ji = 1, j 2 = 2, j 3 = 7, j 4 = 12. 

Thus, the special CM modules are AR, M 2 , Mi, R, and these take the form 

My = Rx 7 + Ry, M 2 = Rx 2 + Ry 2 , M\ = Rx + Ry 7 . 

In this case, the dual graph is 

Ej E2 Ei 

©—0—© 

and the fundamental cycle is Zq = Ey+E 2 +Ei. Thus, we have the multiplicity e(R) = — Zq = 4. 

2.2. Auslander-Reiten theory. In the previous subsection, we saw that the multiplicity can 
be computed using the fundamental cycle. To determine Ulrich modules, we will also investi¬ 
gate the number of minimal generators. In Section [3j we will use the Auslander-Reiten quiver 
to understand minimal generators. Moreover, by applying the functor r, which is called the 
Auslander-Reiten translation, to a special CM module, we can obtain an Ulrich module (see 
Proposition EH). Thus, in this subsection we will present some results from Auslander-Reiten 
theory. Although we will mainly discuss the case of a cyclic quotient surface singularity R, we 
can obtain similar results for any quotient surface singularities. For more details, see (LWl lYos] . 

Definition 2.7. Let M and N be indecomposable MCM /Y-modules. We call a non-split short 

exact sequence 0 ->Jv4l4M-i 0 the Auslander-Reiten (= AR) sequence ending in M if 
for any MCM module X and any morphism ip : X —> M that is not a split surjection, there 
exists (j) : X —> L such that <p = g o cf>. 

Since R is an isolated singularity, the AR sequence ending in M exists for any non-free 
indecomposable MCM R- module M, and is unique up to isomorphism ]Aus2j . We can construct 
the AR sequence by using the Koszul complex over S and a natural representation of G (see, 
e.g., |Yosl Chapter 10]). In our situation, the following is the AR sequence ending in M t (t R 0): 

0 -* Mt-a -1 -> Mt -1 © M t -a - > Mt -> 0. (2-1) 

For the case of t = 0, we also have the fundamental sequence of R: 

0 — >u R — M_i © M- a —> R —>k —> 0. (2.2) 

We call the left term of the AR sequence ending in AR the Auslander-Reiten (AR) translation 
of Mt, and denote this by r(M©. It is known that the AR translation r can be obtained via the 
functors 

r : CM(i?) CM (R) CM (R). 

Furthermore, we denote the middle term of an AR sequence by ■ Thus, in our situation we 

have that Em ± = M t - 1 © M t - a and r(M t ) = M t - a - 1 for t = 0,1, • • • , n — 1. 

Next, we introduce the notion of the Auslander-Reiten quiver. 

Definition 2.8. The Auslander-Reiten (= AR) quiver of R is an oriented graph whose vertices 
are indecomposable MCM R-modules R, M\, ■ ■ ■ , M n _ j, where we draw m s t arrows from M s to 
M t ( s,t = 0,1, • • • , n — 1), with m s t denoting the multiplicity of M s in the decomposition of 

E Mt - 

Since we already know that Em ± = Mt- 1 ©Mj_ a , it follows that we draw an arrow from Mt- 1 
to Mt and from AR- a to AR for t = 0,1, ■ ■ ■ , n — 1. Furthermore, we see that these arrows 
correspond to morphisms •x and • y , respectively: 

Mt - 1 = {feS\a-f = C t ~ 1 f}^M t = {feS\a-f = C t n f} 

AR- a = {feS\a-f = C t n ~ a f}^M t = {feS\a-f = C t n f}. 

Moreover, the AR quiver of R coincides with the McKay quiver of G jAuslj . 
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Example 2.9. Let G = ^(1, 7) be a cyclic group of order 12 (see Example l2.6l) . The AR quiver 
of R = S G is the following. For simplicity, we only describe subscripts as vertices. 



3. Ulrich modules for cyclic cases 

In this section, we will present a characterization of Ulrich modules using special CM modules. 
First, we note the following proposition. 

Proposition 3.1. Let the notation he the same as in Section 0 For a non-free special CM 
R-module Mi t , the MCM modules M n _i t and are Ulrich modules. 

Proof. By Proposition 12.21 M* is the syzygy of an MCM i?-module. Thus, we can see that it is 
an Ulrich module by a similar argument as in ICOTWYli Lemma 4.2]. In addition, the canonical 
dual of an Ulrich module is an Ulrich module, by |Ooil. Corollary 1.4]. Thus, r(Mj t ) = (M*)t 
is also an Ulrich module. Since M* = M n _ lt and r(Mj t ) = we have the desired 

conclusion. □ 

By this proposition, we can obtain some examples of Ulrich modules. However, there exist 
Ulrich modules that do not take the form given in Proposition 13.11 In order to determine all of 
these, we will describe the relationship between the multiplicity e(M^) = e(R) and the number 
of minimal generators in terms of the i-series. To state our theorem, we prepare some 

notations. For the i-series (ii, - - * ,i r ) associated with i(l,a) and for any t £ [0,n — 1], there 
exist unique non-negative integers djj, ■ ■ ■ , d r j £ Z>o such that 

t = di^ii + hi t t £ Z> 0 , 0 < h\_t < ii, 

hu,t — T h u +i j, h u -£ Z>o, 0 £ h u - j_i,t < i u _)_i, (it — 1) ■ ■ ■ , r 1), 

hr,t — 0* 

Thus, we can describe t as follows: 

t — d\^%\ -(- d‘2^2 T * * * ~t“ dj'rjjiy. 

= (ii + • • • + ii) + (12 + • • • + * 2 ) T ■ ■ ■ T (fr T ■ ■ ■ T ir)- 

S -v- X S -v-' S -v- 

dl,t d.2 ,t dr t t 

We are now in the position to state our theorem. 

Theorem 3.2. Let the notation he the same as above. Then, we have that 

A L n(Mt) = d\ t t + d2,t + • • • + dr,t + L 

We will present proofs of two forms (one geometric and one representation theoretic) for this 
theorem. The geometric proof is quite simple, and states that the above formula is a reinterpre¬ 
tation of special McKay correspondence, from the viewpoint of Ulrich modules. However, the 
authors believe that the method used in the other proof will provide us with new insight to this 
subject (see, e.g., Remark 1531) . Therefore, we present both of them. 
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Geometric proof of Theorem \3.2\ . By Kato’s Riemann-Roch formula [Katj , we have that 

TR(Mt) = 1 + ci(Mi) • (Eq + • • • + Ei r ). 

Furthermore, C\(M t ) ■ Ei u = d u j jWun2j . Thus, we have reached the desired conclusion. □ 

Before moving to the representation theoretic proof, we note a crucial observation. Since 
Mt = Horn n(R,Mt), a path from R to AR on the AR quiver corresponds to an element of AR . 
For example, in the AR quiver of Example 12.91 we can find a path 



and a unit 1 € R maps to x 3 y 2 € M 5 via the above path. Note that if a given path from R to 
Mf factors through a free module that is not the starting point, then its image will be in mM(. 
Thus, by Nakayama’s lemma such a path does not correspond to a minimal generator of Mt, 

mMt ^ {R non 4 plit R®m _> y 

Therefore, we can identify a minimal generator of AR with a path from R to Mt that does not 
factor through any free module except the starting point. In the following, we will count such 
paths on the AR quiver. 

Representation theoretic proof of Theorem \3.2l We write the AR quiver Q in the form of the 
translation quiver ZQ, as shown in Figure [T] (where this is the repetition of the AR quiver). Here, 

y 

a b 

each diagram 4 o corresponds to the AR sequence 0 —>• M c —> M a (BMd —> Mi —> 0 ending 

c -=*“ d 

y 

in AR (b R 0) and the fundamental sequence of R. In particular, they are each commutative. 

• • •-»- 0-»- a -a- • • •-S- t — 2a - 

t t 1 

• • • —»- n — 1 —a- a — 1 —a- ■ ■ ■ —>- t — 2a — 1 

I t 1 

• • • — »- n — 2 — a — 2 —^ ■ ■ ■ —^ t — 2a — 2 

t t t 


2- a -^ 2 

1 — a-^1 

1 

—a -^ 0 


FIGURE 1. The AR quiver with the form of the translation quiver 

From this quiver, we extract appropriate paths from R (= 0) to AR (= t) corresponding to 
minimal generators of AR. Such paths take the form shown in Figure [2l Here, we assume that 
grayed areas do not contain 0, otherwise we can divide those areas into smaller ones. Since any 
0 vertex that is located at the outside of Figure [2] certainly goes through a free module on the 
way to Mt, we need only consider paths from R to Mt appearing in Figure [3 Furthermore, the 
number of 0 vertices appearing in Figure [3 coincides with p,pt.(AR). To clarify the situation, we 
denote the i-tti column from the right containing 0 by R, for i = 1, • • • ,fj,u(Mt). We see that 
the length of R is t, and it is divided into larRAR) — 1 blocks. Furthermore, we denote vertices 
located at the corner of a diagram by ★!, if 2 , • • ■ , ★ u -i, ifu, as shown in FigureEJ We remark 


■ 2 - 2a ■ 


■1-2 a- 


—2a ■ 



























YUSUKE NAKAJIMA AND KEN-ICHI YOSHIDA 


that these vertices are special CM modules, because the number of minimal generators for each 
of these is two. From this construction, we have that v = — 1. In the following, we will 

show that v = + cfo.t + ■ ■ ■ + d r ,t- (For simplicity, we will simply denote d Ui t by d u .) 



Figure 2. Paths from R to Mt corresponding to minimal generators of Mt 

We set i s = max{i u | d u 7 ^ 0}. Then we can find the vertex i s on l\. From that position, we 
follow vertices in the left direction, and if we arrive at a vertex 0 we stop there (see Figure [3]). 
Since M ls is a special CM module, the length of the vertical (resp. horizontal) path from 0 to i s 
is i s (resp. j s ), by Theorem 12.41 By the choice of i s , we have that ★! < i s . If k\ < i s , then we 
obtain Figured! because the j-series is a decreasing sequence. This contradicts the construction 
of Figured! and hence it follows that i s coincides with ★ [. If d s — 1 7 ^ 0, then we can find the 
vertex i s on £ 2 • Then, we again follow vertices from i s in the left direction until we arrive at 0. 
Thus, we see that k r 2 = i s by the same argument used in the case that ★ [. Since d s i s < t, we 
can repeat this argument d s times to find that ★!, • • • , kd a are all equal to i s . 

Next, we set i s i = max{i M | d u 7 ^ 0, i u < i s }. Then, we can find the vertex i s > on £d s +\ ■ By 
the same argument as above, we see that ★d s +i = i s '- Similarly, we see that ★d 3 +i, • • • , kd s +d s i 
are all equal to i s '. 

We can repeat these arguments until we arrive at £^ R (M t )- Then, we see that v is equal to the 
sum of all d s with d s 7 ^ 0 , and hence — 1 = d\ + + ■ ■ ■ + d r . □ 

Since e(R) = e(M t ) and nn(M t ) < e(M t ), we may set nu(M t ) = e(R) — s, where 0 < s < 
e(R) — 1. The next corollary follows immediately from the theorem. Using this corollary, we 
can determine which Mt are Ulrich modules. 

Corollary 3.3. Let the notation be the same as above. Then, 

hn{Mt) = e (-R) — s 4=^ d±d + ^ 2 ,t + • • • + d r t = e(-R) — (s + 1) 
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Js 



0 


y 

-—> a 


y 


v . 

- *ls 


X 


X 

1 




X 

0 


FIGURE 3. Minimal paths Figure 4. What is happen if < i s 

from R to M,- 

L s 


for s = 0,1, • • • , e(R ) — 1. In particular, an MCM R-module M t is Ulrich if and only if d\j + 
d 2 ,t + • • • + d r) t = e(i?) — 1 . 

Example 3.4. Let G = ^(1,7) be a cyclic group of order 12 (see also Examples 12.61 and 12.91) . 
In this case, the non-free special CM modules are IW 7 , M 2 , M\, and e(R) = 4. Furthermore, we 
obtain the following division of each subscript into integers appearing in the i-series: 


11 = 7 + 2 + 2 

7 = 7 

3 = 2 + 1 

10 = 7 + 2 + 1 

6 = 2 + 2+2 

2 = 2 

9 = 7 + 2 

5 = 2+2+1 

1 = 1 

8 = 7 + 1 

4 = 2 + 2 


Therefore, the Ulrich modules are Mu, 

M 10 , Mq, and M 5 . 

The following figure represents paths 


in the AR quiver that correspond to minimal generators of M\ 0 . 

0^-7^- 6 1 —► 8 —► 3 —s-10 

t t t t 

0 —>■ 7 —2 —>- 9 

t t 

1 —8 

t t 

0 —>■ 7 
1 

t 

0 

Remark 3.5. The method used in the representation theoretic proof enables us to determine 
Ulrich modules for other quotient surface singularities. For example, see [Nakl Example 3.6 and 
A.5]. 

In this manner, we can obtain a characterization of Ulrich modules. However, if the order 
of G is sufficiently large, then a process to obtain the sequence (di^,••• ,d r j) for any t = 
0,1, • • • , n — 1 will be inefficient. Therefore, we will demonstrate an additional characterization 
of Ulrich modules, in terms of the i-series. First, we decompose each subscript t = 0, 1, ■ ■ ■ , n — 1 
as we did at the beginning of this section: 


t — d\^x\ + d2,t^2 T * * * T 


( 3 . 1 ) 
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Then, for each subscript t = 0,1, • • • , n — 1 we define a subset of the z-series as follows: 

It := {4 I d a>t / 0 in the decomposition (13.ID for s = 1,2, • • • , r — 1}. 

In order to characterize Ulrich modules, we need to determine I n —x- Since we can decompose 
n — 1 as 

n — 1 = a\i\ — z 2 — 1 

= (ai - 1 )n + (h - * 2 ) - 1 
= (ai - 1)4 + (a 2 - 1)* 2 - «3 - 1 

= (ai - 1)4 + (a 2 - 2)z 2 + (z 2 - h) ~ 1 (3.2) 


— (di l)ti T (o 2 2)z 2 -{- ~~h (ov —1 2)tf*—] T (ov l)u z^-i-i 1 

— (41 l)ti T (o 2 2 )z 2 -{- T (gv —1 2 )z ?>—1 T (ov 2 )zy., 

we have that 

I n _i = {4} U {z s | a s > 2 and 2 < s < r — 1}. (3-3) 

Since the sum of coefficients is (ai — 1) + Ylu= 2 ( a u — 2) = au + • • • + a r — 2r + 1 = e(R) — 1, 
M n _i is an Ulrich module. (This also follows from Proposition l3.il because we have that i r = 1 
from the definition of the z-series.) 

We are now ready to state our main theorem. 

Theorem 3.6. Consider any sequences of the i-series 4(i) > 4(2) > ■ ■ ■ > 4(26) with 4(2c-i) £ 

b 

l n -i for all c = 1, • • • , b. If t = n — 1 — (4(2c-i) — 4(2c)) or t = n — 1, f/zen M t is an Ulrich 

C— 1 

module. 

Proof. We already know that Af n _i is an Ulrich module. Thus, we will consider other cases. 

We consider the part of the sequence given by 4 ( 1 ) > 4 ( 2 ) with i k ^ € I n _i. Using the 
decomposition ()3.2H . we rewrite n — 1 — (4m — 4( 2 )) as 

fe( 2)—1 r 

( if fc(l) = 1 ) = ^ ] ( a n — 2 )z„ + ( 0 ^( 2 ) — 1 ) 4 ( 2 ) T ^ ] ( a v ~ 2)4- 

u=l „=fc( 2 )+l 

fc(l)-l 

( if k{ 1 ) ^ 1 ) = («1 - 1)4 + ^2 (a v - 2)i v + (a k{1) - 3)4(i) 

v=2 

k { 2)—1 r 

+ ^ ( a ^ — 2)4 + («fc( 2 ) — 1)4(2) + ^ (a„ — 2)4- 

•y=fc(l)+l v=k( 2 )+l 

In this decomposition, the coefficients of the z-series satisfy the conditions given in Lemma 13.81 
below, and their sum is equal to a\ + • • • + a r — 2r +1 = e(i?) — 1. Therefore, is 

an Ulrich module, by Corollary 13.31 Then, we consider the part of sequence given by 4(3) > 4(4) 
with 4(3) € In-i- Considering the decomposition of n — 1 — (4(i) — 4( 2 )) ~ (4(3) — 4(4)); the 
same argument implies that M t is an Ulrich module for t = n — 1 — (4m — z k ( 2 )) — (4(3) ~ 4 ( 4 ))- 
By repeating these arguments, we obtain the desired conclusion. □ 


In addition, we can demonstrate the converse of Theorem 13.61 

Theorem 3.7. If Mt is an Ulrich modide (t 7 ^ n — 1), then there exists a sequence of the i-series 
4 ( 1 ) P 4(2) P ‘ ‘ ‘ P 4(2 b) such that 4(2c— 1 ) ^ In —1 for all c 1, • • • ,6, and 

b 

1 O 1 ^ ^ (4(2c—1) 4(2c)) ■ 

e=l 
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Proof. Suppose that M t is an Ulrich module, and let t = d\i\ + d 2 i 2 + - ■ - + d r i r . as in Lemma 
Recall that n — 1 = (aq — l)i\ + (a 2 — 2)i 2 + ■ ■ ■ + (a r — 2 )i r . Then, we set the integers 

(ei,e 2 , ■■■ ,£ r ) ■= {di - (ai - 1 ),d 2 - (a 2 - 2 ), ■ ■ ■ ,d r - (a r - 2 )). 

Since t ^ n — 1, it holds that (ei, • • • , £ r ) 7 ^ (0, • • • , 0). By Lemmas 13.91 and 13.101 we can take 
the sequence of the i-series as given in the statement. □ 

To complete the proof of Theorem 13.71 we require the following lemmas. 

Lemma 3.8. < Wiin 1 Lemma 1]) A sequence ( d \, ■■■ ,d r ) G (Z>o) r can be obtained from the 
description t = d\i\ + d 2 i 2 + • • • + d r i r for some subscript t = 0, 1 , • • • , n — 1 if and only if the 
sequence satisfies the following two conditions: 

■ 0 < d u < a u — 1 for every u = 1 , ■ ■ ■ , r. 

■ If d u = a u — 1 and d v = a v — 1 (u < v), then there exists w such that u < w < v and 


Lemma 3.9. One has that £\ G {—1, 0} and e u G {—1,0,1} for u = 2, ■ ■ • , r. 


Proof. By Lemma 13.81 we have that 0 < d u < a u — 1 for any u G [l,r], so that £i < 0 and 
e u < 1 for u G [2,r]. Since M n _ 1 and Mf are Ulrich modules, we have from Corollary 13.31 that 
£1 + • • • + £r = 0 . 

First, we assume that E\ < — 2 . Since £1 + • • • + £ r = 0, there exist at least —£\ (> 2 ) 
components of (e 2 ,--- ,£ r ) that satisfy e u = 1, u G [2,r]. Next, we set k := —£i, and suppose 
that 

£«i — £u2 — ' — E-uk — 1 (^1 ^ n>2 < • • • < Ujf) 


are such components. By taking the first k components with e u = 1, we may assume that for 
any j G [l,k — 1] there are no components satisfying e u i = 1 and Uj < v! < Uj + \. Then, by 
Lemma lT 8 l there exists a subscript v such that u\ < v < u 2 and e v < —1. Thus, there exists a 
subscript u^+i with u < Uk +1 such that £ Uk+1 = 1, because £1 + • • • + £ r = 0. We again apply 

Lemma HTTHl to find that there is a subscript v' such that Uk < v' < Uk +1 and £ v > < —1. These 

processes can be continued infinitely, but the sequence (£ 1 , • • • ,£ r ) is finite. Thus, we have that 

£1 G { —1,0}. 

Next, we assume that there exists u G [2,r] such that £ u < —2. As in the above argument, 

__ _ ^ _ Thus, the 

sequence (d \, • • • , d r ) is of the form 


(ai — 1,_A 


— £ Uk — 1- 

If £1 

i-l, B 

,a 


, cx u 2 !,■■■)• 


By Lemma 13.81 we can find elements d v with d v < a v — 3 in both A and B. Even if one of 
these is simply d u with e u = d u — ( a u — 2) < —2, the other provides us with the conclusion that 
there exists a subscript Uk+i with Uk < tifc+i such that £ Uk+1 = 1- Therefore, we have obtained 
a contradiction, by the same argument as above. If £1 = —1, then there also exists a subscript 
Uk+\ with Uk < Uk- 1-1 and £ Uk+1 = 1) because E\ + • • • + £ r = 0. Thus, we obtain a contradiction 
in a similar manner. As the consequence, we have that £ u G {—1,0,1} for u G [2, r]. □ 


Lemma 3.10. Let (£1,4) • • • > 4 ) G {—1,1} £ be the subsequence of (s 1 , £ 2 , • • • ,£ r ) obtained by 
removing all 0 components from (£i,-- - ,£ r )• Then, {e\ ,■■ ■ ,e' £ ) takes an alternating form, as 

(— 1 ,+ 1 , — 1 ,+ 1 , ■ ■ ■ ,—!,+!). 


Proof. By definition, we have that + • • • + £^ = 0, and the number of +1 elements appearing 
in (e \, • ■ • , e{) coincides with that of —1 elements. 

First, we assume that £1 = —1. Then, £\ = e\ = —I. If the sequence (£{,-■■ ,e'f) is not 
alternating, then we can find a section with +1 entries appearing consecutively in (e{, • • • , 4 ). 
This contradicts Lemma 13.81 

Next, we assume that £\ = 0. Then, E\ / e\ and d\ = a\ — 1 . Thus, we set e p = e\ G {—1, 1 }. 
If E p = e\ = 1, then by Lemma 13.81 there exists a subscript q with 1 < q < p and E q = — 1. This 
contradicts the choice of £ p . Therefore, we have that e p = e[ = —1. If the sequence (e\ , • • • , s'f) 
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is not alternating, then we obtain a contradiction by the same argument given in the case of 
£\ = — 1 . □ 

Corollary 3.11. We suppose that Alt is an Ulrich module. Then, we have that n—a < t < n—1. 
Furthermore, M n _\ and M n _ a are certainly Ulrich modules. 

b 

Proof. By Theorem 13.71 we can describe t as t = n — 1 -E (4(2c—1) - 4(2c)), where 4(1) > 

c— 1 

4(2) > • • • > 4 ( 26 ) with 4(2c-i) £ I n -i f° r all c = 1, • • • ,b. Hence, we have that 
6 

( 4 ( 2 c—1) ~ 4(2c)) = 4 ( 1 ) — ( 4 ( 2 ) — 4 ( 3 )) --( 4 ( 26 - 2 ) — 4 ( 26 - 1 )) ~ 4 ( 26 ) < 4 — 4 = a — 1. 

c= 1 

Furthermore, M n _i and M n _ a are always Ulrich modules, because Mi and M a are special 
CM modules (see Proposition 13.11) . □ 

Example 3.12. Suppose that G = ^(1,57). Then, we have that ^ = [3,5,2,3,3] and 
4 = 57,4 = 13,4 = 8,4 = 3,4 = 1, and hence I n _i = 1157 = {4,4,4}- 

From the following table and Theorems 13.61 and 13.71 we see that the Ulrich modules are 

Mi 0 i,Mi 03 ,Mi 06 ,Mi 08 , Mm, M113, M145, M147, M150, Mi 52, M155 and M157. 


Sequences (4 C i) > 4(2) > • • • > 4(2!.)) 

b 

t ^ 1 ^ ^ (^fc(2c—1) ^fc(2c)) 

C=1 

ii > %2 (57 > 13) 

157 - (57 - 13) = 113 

ii > h (57 > 8) 

157 - (57 - 8) = 108 

ii > u (57 > 3) 

157 - (57 - 3) = 103 

ii > *5 (57 > 1) 

157- (57- 1) = 101 

^2 > ^3 (13 > 8) 

157- (13-8) = 152 

*2 > *4 (13 > 3) 

157 - (13 - 3) = 147 

*2 > *5 (13 > 1) 

157 - (13 - 1) = 145 

*4 > *5 (3 > 1) 

157 - (3 - 1) = 155 

ii > *2 > *4 > *5 (57 > 13 > 3 > 1) 

157- (57- 13) - (3 - 1) = 111 

h > *3 > *4 > *5 (57 > 8 > 3 > 1) 

157 - (57 - 8) - (3 - 1) = 106 

*2 > *3 > *4 > *5 (13 > 8 > 3 > 1) 

157- (13-8) - (3-1) = 150 


4. Further topics 


In this section, we will consider the following question. 

Question 4.1. For a cyclic quotient surface singularity R, we fix an integer 1 < m < e(R). 
How many indecomposable MCM modules exist that satisfy nn{M t ) = rn? In particular, how 
many indecomposable Ulrich modules are there? 

For simplicity, we denote the number of indecomposable MCM modules Mf satisfying fi R (Alt) = 
rn by N m . That is, N m = #{M f € CM(R) | ix R (M t ) = m}. 

4.1. Number of minimal generators for each MCM module. First, we show that there 
does exist an MCM //-module that satisfies fi R (Mt) = m for any m = 1, • • • , e(//). That is, 
N m > 1 for any m = 1, ■ ■ • , e(/Z). 

Proposition 4.2. For any integer m = 1, • • • ,e(R), there exists an MCM R-module Mt such 
that n R (Mt) = rn. 

Proof. First, we fix an integer m = 1, • • • , e(//), and assume that there exists an MCM /(.-module 
Alt such that /) = m. Then, for any t = m, m — 1, ■ ■ • ,1 there exists an MCM //-module 
Alt' satisfying ix R (M t ') = L Indeed, let t = di^4 + (4,64 + ■■■ + d r ji r , and set I t = {4 | 
d s< t 7^ 0 for s = 1,2, ■ ■ ■ , r}. Taking i u £ I t , we have by Theorem 13.21 that ) = m — 1. 

Similarly, we take i v £ I t-i u , and we have that p,R(AI t -i u -i v ) = m— 2. Since di,6+d2,6+ - ■ -+dr,t = 
m — 1 from the hypothesis, we can repeat the above process m — 1 times. Since there exists an 
Ulrich module, we can apply the above observation to the case that m = e(/?), thus obtain the 
desired conclusion. □ 
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From this result, we obtain the following relations between certain classes of MCM i?-modules. 

Corollary 4.3. Let R be a cyclic quotient surface singularity. Then: 

(1) Ife(R) = 2, then CM (R) = SCM(R) = add (R) U UCM(i2). 

(2) If e(R) = 3, then CM (R) = SCM (R) U UCM(i2). 

(3) Ife(R) > 3, then CM (R) 3 SCM(i2) U UCM(iZ). 

Here, SCM(i?) ( resp. UCM(ii)) is the full subcategory of CM(i?) consisting of special ( resp. 

Ulrich) CM R-modules. 

Remark 4.4. The above results are typical in the case of cyclic quotient surface singularities. In 
fact, we have examples below, when R is not a cyclic quotient surface singularity. 

(1) Proposition 14.21 does not hold in a higher dimensional case. For example, we consider 
the action of G = (diag(—1, — 1, — 1)) on S = k[[x, y, z]\. Then, the invariant subring 
R = S G is of finite CM representation type, and finitely many indecomposable MCMs 
are given by R,ujr and LIwr (cf. [Yosl ILWj l. Furthermore, we have that e(R) = 4, but 
Tr(ur) = 3 and plr(CIw>r) = 8 . 

(2) Corollary 14.31 (2) does not hold for non-cyclic cases. For example, let R be the invariant 
subring given in jNaki Example 3.6]. Note that e(R) = 3. Then, we can find some inde¬ 
composable MCM 12-modules that are neither special CM modules nor Ulrich modules 
(see [Nakl Example A.5] and [TW]). 

4.2. Number of Ulrich modules. In the previous subsection, we investigated the number N m , 
and showed that N m > 1 for any m = 1, ■ ■ ■ ,e(R). In this subsection, we will focus on N c (^), 
that is, the number of indecomposable Ulrich modules. First, we remark that Corollary 13.111 
provides us with an upper bound on l\l e ( R ). Namely, we have that < a. Next, we provide 

another bound in terms of the number of irreducible exceptional curves. 

Theorem 4.5. Suppose that R is a cyclic quotient surface singularity, whose number of irre¬ 
ducible exceptional curves (= that of non-free indecomposable special CM modules ) is r: 



Then, we have that r < N c (^) < 2 r 1 . In particular, we have that = r for r = 1,2. 

Furthermore, if r > 2 then N e (^ = 2 r_1 holds if and only if a u > 2 for all u = 2, • • • , r — 1, and 
N c (R) = r holds if and only if = • • • = a r -1 = 2 . 

Proof. By Theorems 13.61 and 13.71 Mf is an Ulrich module if and only if t = n — 1 or t is described 
by a sequence of the 2 -series satisfying 

(A) 4(1) > 4(2) > • • • > 4 ( 26 ) with 4(2c— l) e In— l for all c = 1 , • • • ,b. 

Note that if we take a different sequence satisfying (X), then the corresponding subscripts will 
also be different, because the sequence of integers {d\, ■ ■ ■ , d r ) defined in Lemma HTTHl is unique 
for each subscript t. Thus, N e ^) — 1 is equal to the number of sequences satisfying the condition 
(4»)- Therefore, we show that the maximal (resp. minimal) number of such sequences is equal 
to 2 r ~ 1 — 1 (resp. r — 1). 

Clearly, to obtain an upper bound on N e ^) we should consider the case where the number 
of elements in I n _i is maximal. Therefore, we consider the case that I n _i = {4,*2)"‘ ,4- 1 }, 
which holds if and only if a u > 2 for all u = 2, ■ ■ ■ , r — 1. In this situation, we can take any 
index in {?'i, 4 ; • • • , 4-i} as an odd term of sequences. Thus, the number of sequences satisfying 
( 4 ») is simply the number of possible choices of indices in { 4 ) 4 , • • • , 4 -i} (except for the empty 
one), which is equal to 2 r_1 — 1. (Note that if we choose an odd number of indices, then we can 
construct a sequence of the i-series satisfying (Jfc) by adding i r .) 

Similarly, in order to obtain a lower bound we should consider the case that I n _i = {4}, 
which holds if and only if «2 = • • • = ay_i = 2. In this situation, we can easily see that the 
number of sequence is r — 1. □ 
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We remark that there exist two upper bounds, N e (^ < a and 2 r 1 , and which bound is better 
depends on the case. If r is small, then we can compute N e (m explicitly. 

Example 4.6. Suppose that R is a cyclic quotient surface singularity, whose dual graph C is 
given by one of the cases below. 

(1) The case of 

C : (^a)-(^+) (a, p > 2) . 


Then, we have that = 2. 

(2) The case of 

C: (Q)- 


-( 3 )— (3 ( a ’ /3,7 - 2 -* ■ 


(2-1) If /3 = 2, then we have that l\l e ( R ) = 3. 
(2-2) If f3 > 2, then we have that N e ^ = 4. 

(3) The case of 


c : (-a) 


(-13 


- 8 ) 


( 0 , 13 , 7,5 > 2 ) . 


(3-1) If (3 = 2,7 = 2, then we have that N e( -^ = 4. 

(3-2) If /3 = 2 ,7 > 2, then we have that N e (^ = 6 . 

(3-3) If /3 > 2 ,7 = 2, then we have that N e (^ = 6 . 

(3-4) If f3 > 2 ,7 > 2, then we have that N e (^ = 8 . 

Proof. We only demonstrate the case (3-2), as the other cases are similar. 

Let *!,••• , Z 4 be the i-series corresponding to each exceptional curve. Since (3 = 2 and 7 > 2 , 
we have that I n _i = {zi, * 3 }. The statement follows from Theorems 13.61 and 13.71 because we can 
take sequences {i\ > * 2 }, {L > * 3 }, {'<1 > * 4 }, {*3 > *4}, {i\ > 12 > h > h}- □ 


4.3. Examples. We finish this paper by presenting some typical examples. In particular, we 
completely determine the number N m . By Theorem 13.21 we know that special CM modules 
behave like a “basis”. Thus, we can identify each MCM i?-module Mt with the lattice point 
• • • j d T) t) £ 27- 

Example 4.7. Suppose that G = ^(1,6) and R = k[[x,y]] G . Then, ^ = 4 — | = [4, 6 ] and 
e(R) = 8. The i-series are given by i\ = 6 T 2 = 1. In this situation, we identify each subscript 
t = 0,1, • • • ,22 with the lattice point (dgi, d 2 ,t)- For example, because 20 = (1 + 1) + (6 + 6 + 6 ), 
this corresponds to the lattice point (2,3). 



By Theorem 13.21 we have that d\$ = —<^ 2 ,t + ~ 1- If PFi(Mt) = e(i?) = 8 , then an MCM 

module whose corresponding lattice point is on the line dgt = —d 2 ,t + 7 is an Ulrich module. 
Thus, in this case there are two Ulrich modules, {Mn and M 22 ). Similarly, if /r/j (Mt) = 7, then 
the figure below implies that N 7 = 3. 




d, 
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In this way, we can compute the number N m . In general, we have the following. 

Example 4.8. Take integers a,/3 > 2, and consider G = ^(1 ,a) satisfying n/a = a — Then, 
R = S G is the cyclic quotient surface singularity whose dual graph is 



and e(R) = a + /3 — 2. The z-series are given by i\ = j3, Z 2 = 1. 
If a < ^, then we have the following: 



Nq+, 0-2 — 2, N^_! — a, N a _2 — a — 2, 

N a +/3-3 = 3, : : 

: N q = a, N 2 = 2, 

N^j = a, N„_i = a — 1, Ni =1. 

The case with a > /3 is similar. (Replace a by /3 and vice versa.) 

We can also determine N m in the following situation. 

Example 4.9. Consider a cyclic quotient surface singularity R whose dual graph is 



a -1 b -1 


where a > 2 and A,B >1. Then, e(R) = a, and we have the following: 

N a = AB , N 3 = AB, 

N q _i = AB, N 2 = A + B-l, 

: Ni = 1. 

N 4 = AB, 

Remark 4.10. If we can obtain N m for all m = 1, • • • , e(R), as in Examole l4.8l and l4.91 then we can 
compute the Hilbert-Kunz multiplicity chk(^)- This is a numerical invariant in positive char¬ 
acteristic commutative algebras, and can be obtained by the formula chk(^) = 77 J2t=o 
in our situation (see [Naki Appendix]). Thus, we let R be defined as in Example 14.81 (resp. 
Example 14.91) . Then, we have that eHi<(R) = ^{(a/3 — 2 )(a + (3) + 2} (resp. eni<;(R) = 
^{AB{a — 2)(a + 3) + 4(A + B) - 2 }). 
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